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Liposome vesicles tend to align with an applied magnetic field. This is due to the directional
magnetic susceptibility difference of the lipids which form the membrane of these vesicles. In this
work a model of liposome vesicles exposed to magnetic field is presented. Starting from the base
energy of a lipid membrane in a magnetic field, the force applied to the surrounding fluids is derived.
This force is then used to investigate the dynamics of vesicle in the presence of magnetic fields.

1 Introduction

Knowledge about the directed motion of biological and bio-compatible nano- and microstructures,
particularly liposome vesicles, is critically important for a number of biotechnologies. For example,
in directed drug delivery it is critical that drug carriers be directed towards locations where they
are to release an encapsulated drug. [1] The directed motion of biological cells could be used to sort
cells [2–4] and to form larger structures. [5] Numerous techniques have been proposed as possible ways
to control the motion of these soft-matter systems. Specially designed microfluidic devices can use
differences in size, [6] shape, [7] and rigidity [8] to physically separate particles. It is also possible to
use light [9] and acoustic waves [10] to induce particle motion.

Of particular interest is the use of externally controllable fields to direct the motion of soft
particles. Electric fields have been demonstrated to induce large deformation in liposome vesicles
both experimentally [11;12] and theoretically. [13–16] Electric fields can be used to sort cells [17–19] and
to induce the formation of pores in vesicle membranes. [20]

Magnetic fields also offer the opportunity to direct the motion of biologically compatible soft-
matter. Experiments have demonstrated that liposome vesicles tend to align with an externally
applied magnetic field. [21] The phospholipids which compose the vesicle membrane are known to
be diamagnetically anisotropic and tend to align perpendicularly to an external field. [22] Due to
the nature of the liposome membrane this results in a rotational/alignment force which aligns and
stretches a vesicle parallel to the applied field, see Fig. 1. Due to the unique nature of vesicles
this stretching is balanced by an increase in surface tension and bending energy. Using this fact
Helfrich developed a model for the deformation of a vesicle when exposed to a magnetic field to
determine the flexibility of the vesicle membrane. [23;24]

Unlike electric field effects, the influence of magnetic fields on liposome vesicles has received
much less attention. In addition to the work of Helfrich mentioned above, it has been experimen-
tally shown that liposomes made from dipalmitoylphosphatidyl choline (DPPC) have temperature
dependent deformation and permeability when exposed to magnetic fields. [25] In the same work a
simple model was developed to explore the observed behavior. The fusion of liposome vesicles for
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Figure 1: To minimize the total energy lipids will orient perpendicularly to an applied magnetic
field. This results in a force which aligns the vesicle to the applied field.

a range of applied magnetic fields has also been experimentally demonstrated [26] while others have
verified the alignment of vesicles to the external magnetic field. [27;28] Theoretical and computa-
tional investigation of magnetohydrodynamics of liposome vesicles are much less common. Helfrich
investigated the birefringence of vesicles in magnetic fields [23] and very few investigations into the
biomechanics of vesicles in magnetic field have been performed. [29]

To the author’s knowledge this is the first effort to model the general dynamics of vesicles when
exposed to externally driven magnetic fields. In the remainder of this work the governing equations
and numerical methods used to model this system will be presented. Sample results of a vesicle in
the presence of magnetic fields will also be shown.

2 Governing Equations

Consider a vesicle suspended in a fluid and exposed to an externally driven magnetic field, Fig. 2.
The density, electrical and magnetic properties between the inner and outer fluid are matched while
the viscosity may vary. The magnetic field in static in time but could be spatially varying. The size
of the vesicle is on the order of 10 µm while the thickness of the membrane is approximately 5 nm,
which allows for the modeling of the membrane as a thin interface separating two fluids. [30] The
vesicle membrane is impermeable to fluid molecules and the number of lipids in a vesicle membrane
does not change over time while the surface density of lipids at room temperature is constant. [30]

These conditions result in an inextensible membrane with constant enclosed volume and global
surface area, in addition to local surface area incompressibility.

For any multiphase fluid system the time-scale associated with charges migrating towards the
interface is given by the charge relaxation time, tc = ǫ/σ, where ǫ and σ are the the fluid permittivity
and conductivity, respectively. [31;32] Typical values for these in experimental vesicles investigations
are ǫ ≈ 10−9 F/m and s ≈ 10−3 S/m. [14;33;34] This results in a charge relaxation time of tc ≈ 10−6

s, which is much faster than observed dynamics of vesicles when exposed to magnetic fields. [21]

It is thus valid to assume that there are no free charges in the bulk fluids and thus the leaky-
dielectric model can be assumed. [31] This lack of free charges in the bulk fluids has implications
when considering the forces on the fluid. If there are free-charges in the fluid then the Lorentz force
will drag the fluid into motion, which is common for magnetohydrodynamics using conducting
fluids. [35–37] In the absence of free charges the Lorentz force can be ignored in the bulk fluid and
therefore fluid will be driven into motion only by conditions at the membrane.

In general the applied magnetic field and induced electric field are coupled through Maxwell’s
equations. Under the assumption that the magnetic field is static in time the only possible cou-
pling between the electric field and the magnetic field is through the electric current density,
j = σ (−∇Φ+ u×B), where Φ is the induced electric potential, u is the fluid velocity and B

is the applied magnetic field. As the induced electrical current must divergence free, ∇ · j = 0,
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Figure 2: Schematic of a vesicle exposed to an externally driven magnetic field. The magnetic field
B is at an angle of θB from the x-axis while the inclination angle of the vesicle is given by θv.
The inner, µ−, and outer, µ+, fluid viscosity may differ. The outward unit normal vector to the
interface is given by n.

any induced electric potential will obey ∇ · (σ∇Φ) = ∇ · (σu×B). Experimental investigations of
vesicles in a 1.5 T magnetic field demonstrate that responses take on the order of 10 s. [21] Assuming
that the distance traveled during this time is 20 µm this results in a velocity of 2 × 10−6 m/s. In
the absence of an external electric field this results in an induced electric current density of 3×10−9

A/m2. At such small induced current densities the induced electric field will be much smaller than
those needed to induce vesicle deformation. [11;13;14;38] From this analysis the induced electric field
and it’s contribution to the dynamics of the vesicle will be ignored.

2.1 Forces Exerted by the Membrane

The motion of the fluid will be driven by the conditions and forces at the vesicle membrane. Let the
lipid membrane be given by Γ. The total energy of the membrane is composed of four components:

E[Γ] = Ek[Γ] + Eγ [Γ] + Em,bulk[Γ] + Em,rot[Γ], (1)

Ek[Γ] =

∮

Γ

(

1

2
kcH

2 + kgK

)

dA, (2)

Eγ [Γ] =

∮

Γ
γ dA, (3)

Em,bulk[Γ] = −
χ⊥d

2µm

∮

Γ
B2 dA, (4)

Em,rot[Γ] = −
∆χd

2µm

∮

Γ
(n ·B)2 dA. (5)

The first integral, Ek[Γ], provides the bending energy associated with the current membrane con-
figuration where κc is the bending rigidity, κg is the Gaussian bending rigidity, K is the Gaussian
curvature, and H is the total curvature, which equals the sum of the principle curvatures. In this
work the Gaussian curvature energy is ignored as the integral of the Gaussian curvature around
any closed surface is a constant. [39] The second integral, Eγ [Γ], is the energy associated with a
non-uniform tension, γ. These two energies are based on the Helfrich model in the absence of
spontaneous curvature [24] and have been used extensively to model liposome vesicles. [14;40–42]
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The final two integrals, Em,bulk[Γ] and Em,rot[Γ], provide the energy of a lipid membrane in
a magnetic field B when the outward unit normal to the interface is given by n and B · B =
B2. [22;43] The first energy, Em,bulk, provides the total (bulk) energy of a membrane with a magnetic
susceptibility perpendicular to a lipid axis given by χ⊥, a membrane thickness of d, and where
µm is the magnetic permeability of the membrane. As lipid molecules are diamagnetic materials,
χ⊥ < 0. The second, Em,rot, is the magnetic alignment energy, with ∆χ = χ‖ − χ⊥ being the
difference between the magnetic susceptibilities in the parallel and perpendicular direction for lipid
molecules. For lipid molecules, the perpendicular magnetic susceptibility is larger (less negative)
than the parallel one and thus ∆χ < 0, although it is possible to change this by adding biphenyl
moieties to the phospholipids. [44] This magnetic susceptibility difference drives the lipid molecules
to become perpendicular to an applied magnetic field, which in turn causes the lipid vesicle itself
to align with the field. [21]

In order to minimize the energy, the membrane will exert a force on the surrounding fluid. These
forces are calculated by taking the variation of the appropriate membrane energy with respect to
a change of membrane location. For a vesicle and neglecting spontaneous curvature the ultimate
forms of the bending and tension forces are found to be [45]

τ k = −κc

(

1

2
H3 − 2HK +∇2

sH

)

n, (6)

τ γ = γHn −∇sγ. (7)

The surface gradient, ∇s, and surface Laplacian, ∇2
s, are defined using the projection operator

P = I −n⊗n. More precisely, the surface gradient of a scalar field is given by ∇sf = P∇f while
the surface Laplacian is ∇2

sf = ∇s · ∇sf .
The magnetic force has not been presented in the literature and is derived here. In particular,

the method outlined by Napoli and Vergori is used to determine the variation of the energy. [46]

Let a generic energy functional be given by
∮

Γw dA, where w is an arbitrary energy functional
density per unit area which only a function of the unit normal n and no other surface quantities.
The first variation of the energy with respect to a change of the interface is then given by ∇s ·
(wP − n⊗ (Pwn)), where wn = ∂w/∂n is the derivative of the energy density with respect to the
unit normal.

Assume that a single lipid species is present. Therefore the material properties χ⊥, ∆χ, d, and
µm are all constants. First consider the contribution of the bulk energy of the lipid membrane in
a magnetic field,

∮

Γ B
2dA. In this case w = B2 and thus wn = 0. Using the results shown in

Appendix A, this results in
∇s ·

(

B2P
)

= ∇sB
2 −B2Hn. (8)

Next consider the rotational energy contribution,
∮

Γ (n ·B)2 dA. From w = (n ·B)2 = B2
n the

quantity wn = 2 (n ·B)B = 2BnB is obtained. Thus,

∇s ·
(

B2
nP − n⊗ (2BnPB)

)

= ∇s ·
(

B2
nP

)

− 2∇s · (n⊗ (BnPB)) (9)

where Bn = n · B is the portion of the magnetic field in the normal direction. Each of these
components are considered in turn. The first component results in

∇s ·
(

B2
nP

)

= ∇sB
2
n −B2

nHn = 2Bn∇sBn −B2
nHn. (10)

The second component is

∇s · (n⊗ (BnPB)) = Bn (∇sn)PB + n∇s · (BnPB)

= Bn (∇sn)B + n
(

B · ∇sBn −B2
nH +Bn∇s ·B

)

= BnLB + n
(

B · ∇sBn −B2
nH +Bn∇s ·B

)

, (11)
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where the surface gradient of the unit normal, ∇sn = L, is called the curvature tensor, or shape
operator, of the interface. It is a symmetric and real matrix which characterizes the curvature of the
surface. [46–48] One eigenvalue of L is zero and has a corresponding eigenvector in the direction of the
unit normal, n. As L is symmetric and real, it can be decomposed as L = κtt⊗ t+κbb⊗ b, where
κt and κb are the remaining eigenvalues of L with corresponding eigenvectors t and b, respectively.
In this case the eigenvalues are principle curvatures of the interface while the eigenvectors are the
principle tangent directions. Thus, the first part of Eq. (11) can be written as

BnLB = Bn (κtt⊗ t+ κbb⊗ b)B = Bn (κtBtt+ κbBbb) , (12)

where Bt = t ·B and Bb = b ·B are the components of the magnetic field in the principle directions.
Combining the results of Eqs. (9)-(12) and simplifying results in

∇s ·
(

B2
nP − n⊗ (2BnPB)

)

=

2Bn∇sBn +B2
nHn− 2Bn (κtBtt+ κbBbb)− 2n (B · ∇sBn)− 2Bnn∇s ·B. (13)

Using these results the force due to the magnetic field is then

τm,bulk =−
δEm,bulk

δΓ
=

χ⊥d

2µm

(

∇sB
2 −B2Hn

)

, (14)

τm,rot =−
δEm,rot

δΓ
=

∆χd

2µm

(

2Bn∇sBn +B2
nHn

−2Bn (κtBtt+ κbBbb)− 2n (B · ∇sBn)− 2Bnn∇s ·B) , (15)

recalling that B2 = B ·B, Bn = n ·B, Bt = t ·B, and Bb = b ·B.
For general situations, the above expressions works well. When the magnetic field is spatially

constant simplifications can be made by expanding the ∇sBn = ∇s (n ·B) terms:

∇sBn = ∇s (n ·B) = B · ∇sn+ n · ∇sB = B · L+ n · ∇sB = B · L = LB, (16)

as ∇sB = (∇B)P = 0 and L = LT . Beginning with Eq. (15) and using the LB form this results
in

τm,rot =
∆χd

2µm

(

2Bn∇sBn +B2
nHn− 2BnLB − 2n (B · ∇sBn)− 2Bnn∇s ·B

)

=
∆χd

2µm

(

2BnLB +B2
nHn− 2BnLB − 2n (B ·LB)

)

=
∆χd

2µm

(

B2
nH − 2B ·LB

)

n

=
∆χd

2µm

(

B2
nH − 2B · (κtBtt+ κbBbb)

)

n

=
∆χd

2µm

(

B2
nH − 2κtB

2
t − 2κbB

2
b

)

n, (17)

due to the fact that ∇s ·B = P : ∇B = 0 when B is spatially constant.

2.2 Interface Description

In this work a level-set formulation is used to describe the location of the vesicle membrane. Let
the evolving interface be given as the set of points where a level-set function φ(x, t) is zero: Γ(t) =
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{x : φ(x, t) = 0}, where x is a position in space and t is time. Instead of explicitly tracking the
location of the interface Γ through time the position is implicitly tracked by evolving φ. Following
convention the inner fluid, Ω−, is given by the region φ < 0 while the outer fluid, Ω+, is given by
φ > 0. The entire domain is denoted as Ω = Ω− ∪Ω+. Using the level-set geometric quantities are
easily obtained. For example, the outward facing unit normal vector and the total curvature (sum
of principle curvatures) is given by

n =
∇φ

‖∇φ‖
, (18)

H =∇ · n. (19)

It is also possible to use the level set function to define varying material parameters using a single
relation. Consider the determination of the viscosity at any location in the domain. Letting
µ− be the inner viscosity and µ+ be the outer viscosity the viscosity at a point x is given by
µ(x) = µ− + (µ+ − µ−)H(φ(x)), where H is the Heaviside function. Similar expressions hold
for other material quantities. In practice a smoothed version of the Heaviside function is used to
ensure numerical stability. [49] Finally, motion of the interface is obtained by advecting the level set
function,

∂φ

∂t
+ u · ∇φ = 0. (20)

Details of the numerical implementation will be presented later.

2.3 Fluid Flow Equations

Define the bulk fluid hydrodynamic stress tensor in each fluid as

T±
hd = −p±I + µ±(∇u± +∇Tu±) in Ω±. (21)

The forces derived in Section 2.1 are balanced by a jump in the fluid stress tensor,

n · (T+
hd − T−

hd) = τ k + τ γ + τm,bulk + τm,rot. (22)

Note that in general there is a contribution from a jump in the Maxwell stress tensor acting on
the interface. In the absence of electric fields and with matched magnetic fluid properties this
contribution is zero and thus is not included.

Using the level set formulation it is possible to write the fluid momentum equations and the
interface force balance as a single equation valid over the entire domain: [50;51]

ρ(φ)
Du

Dt
=−∇p+∇ ·

(

µ(φ)
(

∇u+∇Tu
))

+ δ(φ)κc

(

H3

2
− 2KH +∇2

sH

)

∇φ

+ δ(φ)‖∇φ‖ (∇sγ − γHn)

− δ(φ)‖∇φ‖
χ⊥d

2µm

(

∇sB
2 −B2Hn

)

− δ(φ)‖∇φ‖
∆χd

2µm

(

2Bn∇sBn +B2
nHn

−2Bn (κtBtt+ κbBbb)− 2n (B · ∇sBn)− 2Bnn∇s ·B) , (23)
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where the full form of the force, Eqs. (14) and (15), have been used. The use of the Dirac function
δ(φ) localizes the contributions from the membrane forces near the φ = 0 contour, which is the
location of the interface. [52] Volume and surface area conservation are provided by ensuring that

∇ · u = 0 in Ω, (24)

∇s · u = 0 on Γ. (25)

Note that in the fluid formulation, Eq. (23), the tension is used to enforce surface area constraint
∇s · u = 0 and is computed as part of the problem alongside the pressure.

2.4 Nondimensional Parameters and Equations

Assume that the density is matched between the inner and outer fluids while the viscosity has a
ratio of η = µ−/µ+. Each of the forces acting on the vesicle membrane have an associated time-
scale which depends on the material properties. The time-scale associated with the bending of the
membrane is [15]

tk =
µ+(1 + η)l30

κc
, (26)

where l0 is the characteristic length scale.
The magnetic field introduces two times scales, one associated with each component of the

magnetic field energy, Eqs. (4) and (5). In both case the magnetic forces are compared to the
viscous forces. The first is the time scale of the bulk energy,

tm,bulk =
µ+(1 + η)l0µm

|χ⊥|dB
2
0

, (27)

while the magnetic rotation time scale is

tm,rot =
µ+(1 + η)l0µm

|∆χ|dB2
0

, (28)

where B0 is the characteristic magnetic field strength and recalling that µm is the magnetic per-
meability of the membrane.

Let the characteristic time be given by t0, which allows for the definition of the characteristic
velocity: u0 = l0/t0. Define a capillary-like number providing the relative strength of the bend-
ing, Ca = tk/t0, a magnetic Mason number indicating the strength of the bulk motion, Mn =
sgn(χ⊥)tm,bulk/t0, and a magnetic field induced rotational force number, Rm = sgn(∆χ)tm,rot/t0,
while the Reynolds number is given by Re = ρu0l0/µ

+ = ρ l20/(µ
+t0). The use of sgn(χ⊥) and

sgn(∆χ) takes into account the fact that the values of χ⊥ and ∆χ can be either positive or negative.
Therefore, the dimensionless parameters Mn and Rm can either be positive or negative, depending
on if the membrane is a paramagnetic or diamagnetic material. It is then possible to write the
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dimensionless fluid equations as

Du

Dt
=−∇p+

1

Re
∇ ·

(

µ(φ)
(

∇u+∇Tu
))

+
1

Ca Re
δ(φ)

(

H3

2
− 2KH +∇2

sH

)

∇φ

+ δ(φ)‖∇φ‖ (∇sγ − γHn)

−
1

2 Re Mn
δ(φ)‖∇φ‖

(

∇sB
2 −B2Hn

)

−
1

2 Re Rm
δ(φ)‖∇φ‖

(

2Bn∇sBn +B2
nHn− 2Bn (κtBtt+ κbBbb)

−2n (B · ∇sBn)− 2Bnn∇s ·B) , (29)

where all quantities are now dimensionless and the viscosity at a point can be calculated using
µ(φ) = η + (1− η)H(φ).

The energy is normalized by using the bending rigidity, κc, as the characteristic energy scale.
When writing the normalized total energy, the contribution from the tension, Eq. (3), is not
included as it is a co-dimension one parameter used to enforce surface incompressibility. Therefore,
the normalized energy of the system is then

E[Γ] =
1

2

∮

Γ
H2dA−

1

2

Ca

Mn

∮

Γ
B2dA−

1

2

Ca

Rm

∮

Γ
(n ·B)2 dA. (30)

It is useful to compare the time-scales associated with a typical experiment. Boroske and
Helfrich reported the alignment of vesicles in magnetic fields with a strength of 1.5 T and reported
that the magnetic susceptibility difference to be −3.52 × 10−8 in SI units, assuming a membrane
thickness of 6 nm. [21] Assuming the viscosity is matched and equal to water, µ+ = 10−3 Pa s, the
membrane magnetic permeability is that of free-space, µm = 4π × 10−7 H/m, and a characteristic
length of 10 µm (as estimated by the figures in Boroske and Helfrich) the membrane rotation time
is tm,rot ≈ 53 s. It was reported by Boroske and Helfrich that rotation through an angle of π/2
took approximately 100 s, which matches well with the characteristic time calculated here. Using
the same values and given that the bending rigidity for the system is approximately 10−19 J, [53]

the time-scale associated with bending is 20 s, which agrees with the experimental results as no
deformation of the membrane was observed during rotation.

3 Numerical Methods

Two numerical methods must be discussed. The first is the advection of the level set field. In
this work a new semi-implicit level set Jet scheme is used. [54] In addition to the level set function
the gradient of the level set are also tracked, which increases the accuracy of the method. [55] The
extension allows the original level set Jet scheme to be used for stiff advection problems. It is
composed of three main steps. First, the level set field is advanced using a second-order, semi-
implicit, semi-Lagrangian update,

3φn+1 − 2φn
d + φn−1

d

2∆t
= β∇2φn+1 − β∇2φ̂, (31)

where β = 0.5 is a constant, φn
d is the departure value of the level set at time tn, φn−1

d is the

departure value of the level set at time tn−1, and φ̂ = 2φn − φn−1 is an approximation of the
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level set value at time tn+1. Once the smooth level set field is obtained the effect of smoothing is
captured by defining a source term,

Sφ = β∇2
(

φn+1 − φ̂
)

. (32)

This advection source term is used to update the level set values on a sub-grid which surrounds all
grid points,

3φs,n+1 − 2φs,n
d + φs,n−1

d

2∆t
= Sφ. (33)

Using these updated sub-grid level set values, φs,n+1, finite difference approximations are used to
calculate the updated gradient field. It was shown that this method results in an accurate and
stable scheme for the modeling of moving interfaces under stiff advection fields. [54]

The fluid field is obtained using a projection-based method. [51] The first step is to calculate a
tentative field using a semi-implicit, semi-Lagrangian method:

3u∗ − 2un
d + un−1

d

2∆t
=−∇p̂+

1

Re
∇ ·

(

µ
(

∇u∗ +∇T û
))

+ fn
k + fn

γ + fn
m,bulk + fn

m,rot, (34)

where fn
k , f

n
γ and fn

m,bulk + fn
m,rot are the bending, tension, and magnetic forces while un

d and

un−1
d are the departure velocities and p̂ = 2pn − pn−1 is an extrapolation of the pressure to time

tn+1. The next step is to calculate the corrections to the pressure and tension to enforce volume
and surface area conservation,

3

2

un+1 − u∗

∆t
= −∇q + δ(φ)‖∇φ‖ (∇sξ − ξH∇φ) , (35)

where q and ξ are the corrections needed for the pressure and tension, respectively. The pressure
and tension are computed simultaneously to enforce both local and global conservation of the
enclosed volume and surface area. Complete details of the method are provided in Kolahdouz and
Salac. [51]

4 Results

The experimental results most applicable are those of Boroske and Helfrich. [21] As such the results
presented here will be modeled after those experiments. The characteristic time is chosen to be
t0 = 1 s. Assuming a bending rigidity of κc ≈ 25kBT ≈ 10−19 J, [56] a vesicle radius of 10 µm, fluid
density of 1000 kg/m3, and outer fluid viscosity of 10−3 Pa s with matched viscosity (η = 1) the
capillary-like number becomes Ca = 20 while the Reynolds is Re = 10−4.

Using a magnetic susceptibility difference on the order of ∆χ = −3 × 10−8 in SI units, with a
membrane magnetic permeability of µm = 4π × 10−7 H/m and membrane thickness of 6nm, the
magnetic rotation constant scales as Rm ∼ −140/B2

0 . Assuming a magnetic field strength between
B0 = 1 T and B0 = 10 T, this results in a range of −150 . Rm . −1.

The magnetic susceptibility perpendicular to the lipid axis, χ⊥, is not readily available in the
literature, and thus it is not clear what the magnitude should be. In spatially constant magnetic
field the bulk magnetic energy contribution, Eq. (4), is constant for incompressible membranes
and thus the bulk magnetic force, Eq. (14), does not need to be included. For spatially varying
magnetic fields it is assumed that the magnetic susceptibility perpendicular is of the same order as

9



the magnetic susceptibility difference and therefore the magnetic Mason number will be taken to
be −100 . Mn . −1

Due to the long simulation times, and to facilitate a larger number of trials, the results will
be in the two-dimensional regime, resulting in zero Gaussian curvature: K = 0. Unless otherwise
stated, the computational domain is a square spanning [−6.4, 6.4]2 using a 2572 grid and periodic
boundary conditions while the time step is fixed at ∆t = 0.1h, where h = 12.8/256 = 0.05 is the
grid spacing. The choice of this domain size and time step is justified in Sec. 4.2.

Vesicles are be characterized by several parameters. Specifically, the viscosity ratio η = µ−/µ+,
the inclination angle θv, the deformation parameter D, and the reduced area ν. Inclination angles
are determined by calculating the eigenvalues and eigenvectors of the vesicle’s inertia tensor about
its center of mass. The eigenvector corresponding to the larger of the two eigenvalues provides the
direction of the long axis of a vesicle. The angle between the eigenvector associated with the long
axis of the vesicle and the x-axis is denoted as the inclination angle. The deformation parameter
is given by D = (a − b)/(a + b), where a and b are the long and short axes of an ellipse with the
same inertia tensor as the vesicle. [57;58] The vesicle reduced area indicates how deflated a vesicle
is compared to a circle with the same interface length, and is given by ν = 4Aπ/L2, where A and
L are the enclosed area and interface length, respectively. A value of ν = 0.5 indicates that the
enclosed area is one-half of a circle with the same interface length while ν = 1 denotes a circle.

All simulations begin with an ellipse having an interfacial length of 2π and a reduced area of
ν = 0.71. This reduced area was estimated from Boroske and Helfrich, Fig. 1. [21] The vesicle is
then allowed to evolve in the absence of a magnetic field to obtain a shape near the bending energy
minimum. [59] This shape is then used as the initial condition for the magnetically driven results.
The initial orientation of all vesicles is vertical, which is denoted as having an inclination angle of
θv = π/2, see Fig. 2. It is also assumed throughout that the viscosity is matched, η = 1.

4.1 Direct comparison with Boroske and Helfrich

To provide the reader a better understanding of the vesicle dynamics, a direct comparison with
the results of Boroske and Helfrich is performed. [21] Using Fig. 1 from that manuscript, it was
estimated that the angle between the vesicle and the applied magnetic field is 0.455π. In the
simulation, the vesicle is initially aligned with the vertical axis and the magnetic field has an angle
of θB = 0.045π, which matches the conditions of the experiment. As the magnetic field is spatially
constant the bulk magnetic energy is ignored while the dimensionless magnetic rotation constant
is set to Rm = −7.5. The inclination angle up to a time of 200 is shown in Fig. 3 while the
computationally derived vesicle shapes are compared to the experimental result in Fig. 4.

The computational results match very well with the experimental results. Assuming a membrane
thickness of d = 6 nm, the properties of water, and an applied magnetic field strength of B0 = 1.5
T, and using the value of Rm = −7.5, the magnetic susceptibility difference is calculated to be
∆χ = −2.48 × 10−7. While this value is larger than that estimated by Boroske and Helfrich, it is
within other experimentally determined values. [60]

4.2 Verification of domain parameters

To verify the choice of domain size, grid size, and time step a systematic investigation is performed
by varying each simulation parameter individually. The magnetic field is spatially constant and
fixed at an angle of θB = 0.045π. Three magnetic rotation constants used are Rm = −1, Rm = −10,
and Rm = −100. As the magnetic field is spatially constant, the bulk magnetic field contribution
is neglected.
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Figure 3: The inclination angle as a function of time for a vesicle with reduced area of ν = 0.71 in
a magnetic field at an angle of 0.045π with a rotation constant of Rm = −7.5. The dots indicate
the angles determined from Fig. 1 of Boroske and Helfrich, [21] after an appropriate rotation is done
to take into account the different initial angles.

Figure 4: Comparison between experimental results of Boroske and Helfrich and the simulation.
Due to the different initial orientation, the simulation results are first flipped about the horizontal
axis and then rotated 0.045π counter-clockwise. Reprinted from Biophysical Journal, Vol 24 (3),
Boroske and Helfrich, “Magnetic anisotropy of egg lecithin membranes”, Pages 863-868., December
1978, with permission from Elsevier.
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Figure 5: The inclination angle versus time for magnetic rotation strengths of Rm = −1, Rm = −10,
and Rm = −100 and grid sizes ranging from 1292 to 5133. All results use a domain size of [−6.4, 6.4]2

with a time step of ∆t = 0.1h, where h is the grid spacing. No change in the results are seen past
a grid size of 2572.

First consider the influence of the grid size on the results. Using a [−6.4, 6.4]2 domain, grid
sizes ranging from 1292 to 5132 are used. In all cases the time step is set to ∆t = 0.1h, where h
is the grid spacing. The results shown in Fig. 5 indicate that a grid size of 1292 is not sufficient.
This shouldn’t be surprising as with this grid spacing only approximately 8 grid points are used
to describe the vesicle at it’s narrowest point. The difference in the results using more than a grid
size of 2572 are not noticeable for any of the three magnetic rotation constants, which justifies that
particular choice.

Next consider the influence of domain size on the rotation dynamics. Using a constant grid spac-
ing of h = 0.05 and time step of ∆t = 0.1h, various domain sizes from [−2.4, 2.4]2 to [−8.0, 8.0]2 are
considered, see Fig. 6. Clearly, boundary effects are present in the smallest domains, particularly
when Rm = −10. Once the domain size reaches [−6.4, 6.4]2 , only small differences are observed.

Finally consider the influence of the time step on the rotation dynamics. Using a [−6.4, 6.4]2

domain with 2572 grid points, various time steps from ∆t = 0.02h to ∆t = 0.5h are considered.
Note that using time steps of ∆t = h proved unstable. There are almost no differences using time
steps smaller than ∆t = 0.1h, and thus that is the time step chosen for further results.

4.3 Influence of Rm

The influence of the magnetic rotation force is explored by varying Rm within the range from 1 to
100 up to a time of t = 200. The resulting inclination angle over time is shown in Fig. 8(a), while
the amount of time needed to rotate through an angle of 0.05π, 0.25π, and 0.4π is shown in Fig.
8(b). There are several points to be made. First, the equilibrium angle of the vesicle, given enough
time, will match that of the applied magnetic field. Second, the amount of time that is required to
rotate through a particular angle is linearly dependent on the Rm value. It should be noted that
due to the definition of Rm, this is related to the quadratic of the magnetic field strength, i.e. a
2-fold increase in the magnetic field results in a 4-fold decrease of the Rm parameter. Therefore,
increasing the magnetic field strength by a factor of two reduces the amount of time needed to
rotate by a factor of four.

An investigation of the energy for three characteristic rotation strengths, Rm = −1, Rm = −10,
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Figure 6: The inclination angle versus time for magnetic rotation strengths of Rm = −1, Rm = −10,
and Rm = −100 and domain sizes ranging from [−2.4, 2.4]2 to [−8.0, 8.0]2. The number of grid
points is adjusted so that a constant grid spacing of h = 0.05 and constant time step ∆ = 0.1h is
used for each simulation. No change in the results are seen past a domain size of [−6.4, 6.4]2.
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Figure 8: The influence of the magnetic field-induced rotational force, Rm, on the inclination angle.
As Rm increases it takes additional time to align with the magnetic field.
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Figure 9: The bending, rotation, and total energy for rotation strengths of Rm = −1, Rm = −10,
and Rm = −100.

and Rm = −100, is shown in Fig. 9. As expected, the total energy decreases as the vesicle becomes
aligned with the magnetic field. The overall rotation rate is directly correlated to the initial
rotation energy, as a higher initial magnetic rotation energy correlates to faster rotation time. It
is interesting to note that when the magnetic rotation strength is strong, Rm = −1, the vesicle
membrane can not respond quickly to changes in bending energy and thus the bending energy
contribution increases, Fig. 9(a). This is in contrast to the weaker rotation forces shown in Figs.
9(b) and 9(c), where both the rotation and bending energy are strictly decreasing.

To further explore the influence of Rm on the vesicle shape, the deformation parameter for the
three characteristic Rm values is shown in Fig. 10. It is clearly observed that the strong rotation
force given by Rm = −1 causes larger deformations than the Rm = −10 and Rm = −100 cases.
The shape of the vesicle using Rm = −1, as shown in Fig. 11, can be compared to that shown in
Fig. 4, and it is clear that larger deformation are observed before the vesicle flattens out.

It should be noted that the initial angle between the long-axis of the vesicle and the applied
magnetic field is less than π/4. If the angle is equal to π/4, then the mechanism of alignment
is no longer rotation, but large-scale deformation of the interface. This can be seen in Fig. 12,
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Figure 11: The shape of the vesicle at various times using Rm = −1.

16



y
x

-1.5 -1 -0.5 0 0.5 1 1.5
-1.5

-1

-0.5

0

0.5

1

1.5
0

20
40

45

50,100

(a) Interface Location at the times indi-
cated

Time

0 20 40 60 80 100
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

D
efo

rm
atio

n
 P

aram
eter

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

A
n
g
le

(b) Angle and Deformation Parameter

Figure 12: Sample interface locations, the inclination angle, and deformation parameter for a vesicle
in a magnetic field aligned along the x-direction. In this case Rm = −1.

where the vesicle is placed in a magnetic field aligned with the x-axis and the rotation/alignment
strength is Rm = −1. Up until approximately t = 30, the major axis of the vesicle is aligned
with the y-axis. The vesicle undergoes large deformations, as demonstrated by the decrease in the
deformation parameter. After t = 30, the major axis is aligned with the magnetic field along the
x-axis and the vesicle begins to elongate to reduce both the bending and magnetic energies. It
should be noted that the final deformation parameter for this case, D ≈ 0.46, is similar to that
shown in Fig. 10, despite the difference in the magnetic angle.

4.4 Spatially varying magnetic field

Next consider the influence of a spatially varying magnetic field. In this case, the full magnetic
energy contribution must be considered, and thus both Rm and Mn will be varied. To construct
the variable magnetic field, the vesicle is placed inside a domain spanning [−3.2, 3.2]2 using a grid
size of 1292 so that h = 0.05. In this case wall boundary conditions are assumed. To induce the
magnetic field, two infinitely long wires are placed at the locations (−3.2, 0) and (3.2, 0). Each of
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Figure 13: The magnetic field lines, initial location of the vesicle, and representation of the magnetic
field strength (color online). The magnetic field is strongest at the center of the two current carrying
wires located at (−3.2, 0) and (3.2, 0), indicated by the color red, and quickly decays towards the
center of the domain, indicated by blue.

these wires has a current of magnitude I0 in the vertical z−direction and produces a magnetic field
given by

B =
B0

2π

(

x− a

((x− a)2 + (y − b)2
,−

y − b

((x− a)2 + (y − b)2

)

(36)

where the B0 = µ0I0 is the strength of the induced magnetic field surrounding a wire at (a, b). [61]

Due to the linearity of the magnetic field, the total magnetic field is simply the summation of that
induced by both wires. A vesicle with a reduced area of ν = 0.71 and matched viscosity, η = 1,
is then centered at (−2, 0). It is expected that the vesicle will migrate towards the center of the
domain, which is the location of lowest magnetic field strength. An example of the magnetic field
and initial vesicle location is given in Fig. 13, which shows both the magnetic field lines and the
intensity of the magnetic field.

The location of the interface at times of t = 0, t = 100, and t = 200 for Mn and Rm values
between 1 and 100 is shown in Fig. 14. In all cases the interface migrates towards the center
of the domain. The rate of this migration and the overall deformation of the interface strongly
depends on both the Mn and Rm parameters. In general, as the strength of the alignment and
bulk magnetic effects increases, the rate of of migration also increases. It should also be observed
that for stronger rotational strengths, denoted by lower Rm values, the vesicle tends to align with
the local magnetic field. As the underlying local magnetic field is close to circular, the interface
adopts this configuration.

The location of the x-centroid and the deformation parameter of the vesicle when exposed to
this spatially varying magnetic field is shown in Fig. 15. It is clear that the fastest migration is
achieved with small values of Rm and Mn. Even in situations where the bulk-magnetic field effects
are small, such as when Mn = −100, migration can occur due to the alignment energy. This is due
to the fact that Eq. (5) can be decreased by not only aligning the interface with the magnetic field,
but also by pushing the interface towards regions of lower magnetic field strength.

The deformation parameter results mimic those seen in the spatially constant results. As the
alignment strength increases, the vesicle becomes more deformed. As the value of Mn increases,
this deformed state persists longer. This is due to the fact that it takes longer for the vesicle to
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Figure 14: The location of the interface at times t = 0, t = 100, and t = 200 for a spatially
variable magnetic field using various values of Mn and Rm. The results show a portion of the
entire domain, which spans [−3.2, 3.2]2. The magnetic field arises due to current carrying wires
embedded at locations (−3.2, 0) and (3.2, 0).
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Figure 15: The evolution of the x-centroid and deformation parameter of the vesicle over time for
various values of Mn and Rm. The combinations shown here correspond to those shown in Fig. 14.
The legend is common to both figures.

migrate towards the center of the domain when Mn is large. This results in the vesicle remaining
closer to the stronger and more compact magnetic field centered at (−3.2, 0).

Finally, the energy of the system over time for a bulk constant of Mn = −10 and three alignment
strengths, Rm = −1, Rm = −10, and Rm = −100 is shown in Fig. 16. As in Sec. 4.3, the magnetic
energies are strictly decreasing over time. For the cases of strong magnetic field effects, particularly
for Mn = −10 and Rm = −1, the bending energy increases above the initial value, and remains
elevated throughout the simulation. It should be expected that as the vesicle moves towards the
center of the domain, where the magnetic field is weakest, the bending energy should have a larger
influence.

5 Conclusion

In this work a numerical model of vesicles in magnetic fields is presented. Based on the energy
of the membrane, the interface forces due to magnetic rotation/alignment and the bulk magnetic
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Figure 16: The bending, bulk, rotation, and total energy for three different rotation strengths. The
results assume Mn = −10.
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energy are derived. These magnetic interface forces, in addition to the bending and tension forces
of a vesicle, are used in conjunction with a level set description of the interface and a projection
method for the fluid field to investigate the dynamics of a two-dimensional vesicle. The simulation
is compared to the experimental results of Boroske and Helfrich, and good agreement is achieved.
A systematic investigation of the influence of the rotation/alignment parameter, Rm, on the vesicle
membrane is performed for spatially constant magnetic field. In general, there is a linear relationship
between Rm and the amount of time it takes a vesicle to rotate through a particular angle. It was
also demonstrated that if the angle between a vesicle and the magnetic field is π/4, then the
alignment is not done through rotation, but by bulk deformation of the membrane.

The movement of a vesicle in a spatially-varying magnetic field was also considered by placing a
vesicle between two current-carrying wires. This magnetic field induced linear motion of the vesicle,
with the rate of migration dependent on both the alignment parameter Rm and the bulk magnetic
field parameter Mn. The particular nature of the underlying magnetic field induced deformations
of the membrane, with the magnitude of these deformations depending on the particular parameter
set.

The use of magnetic fields opens up new possibilities for characterization and processing of
not only liposome vesicle, but also other soft-matter multiphase systems such as polymer vesicles
or biological cells. For example, it is imagined that using the experimental equivalent to the
simulations shown here it could be possible to determine material properties such as the magnetic
susceptibilities of the membrane molecules. This knowledge could then be used to design processing
techniques, possibly in conjuncture with electric fields, to precisely control the dynamics of vesicles.
Future work will explore these possibilities.
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Appendix A Calculus on Surfaces

One issue with derivatives on surfaces is that operations require information of not only how
a function varies on the interface, but also how the interface itself varies. For this reason, some
standard vector calculus identities may not hold. In this section the surface vector calculus identities
used to calculate the magnetic field force are derived.

Let the interface be orientable with an outward unit normal n. Without loss of generality, it
is assumed that the interface is described as the zero contour of a function Ψ such that Ψ is the
solution to the Eikonal equation, |∇Ψ| = 1 within a distance of r to the interface, where r depends
on the curvature of the interface. With this assumption the normal is simply n = ∇Ψ. As the
normal is now defined in a small region surrounding the interface, quantities such as the gradient
of the unit normal, ∇n, are well-defined near the interface.

The projection operator is given by P = I − n ⊗ n, or in component form Pij = δij − ninj,
where δij is the Kronecker delta function. In this work, indices i and j are free indices and while
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p, q, and r are dummy indices. The projection operator is symmetric, P = P T , and idempotent,

[PP ]ij = PipPpj

= (δip − ninp) (δpj − npnj)

= δipδpj − ninpδpj − npnjδip + ninpnpnj

= δij − ninj − ninj + ninj

= δij − ninj = [P ]ij , (37)

where [v]i is the i
th component of a vector v, [A]ij is the i, j compnent of a tensor A, and repeated

indices indicate summation.
The generalized surface gradient function can be written as ∇sA = (∇A)P , where A can be

either a scalar, vector, or tensor field. [47;48;62] For example, the surface gradient of a scalar field a
in component form would be written as

[∇sa]i = [(∇a)P ]i =
∂a

∂xp
Ppi, (38)

The surface gradient of a scalar field a squared is

[

∇sa
2
]

i
=

[(

∇a2
)

P
]

i
=

∂a2

∂xp
Ppi

= 2a
∂a

∂xp
Ppi = [2a∇sa]i . (39)

For a vector field v the surface gradient would be

[∇sv]ij = [(∇v)P ]ij =
∂vi
∂xp

Ppj. (40)

The surface gradient of a vector dot product is

[∇s (v ·w)]i =
∂ (vpwp)

∂xq
Pqi

= wp

∂vp
∂xq

Pqi + vp
∂wp

xq
Pqi

= [w · ∇sv + v · ∇sw]i . (41)

The surface divergence of any vector v can be written as ∇s · v = tr∇sv = P : ∇v. [47] In
component form this is written as

[∇s · v] = [P : ∇v] = Ppq

∂vp
∂xq

. (42)

The surface divergence of a tensor field A is defined as [47]

[∇s ·A]i = [(∇A)P ]i =
∂Aip

∂xq
Pqp. (43)
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The surface divergence of the projection operator is given by

[∇s · P ]i = [(∇P )P ]i =
∂Pip

∂xq
Pqp

=
∂

∂xq
(δip − ninp)Pqp

= −
∂ni

∂xq
Pqpnp − ni

∂np

∂xq
Pqp

= [− (∇n)Pn− n∇s · n]i = [−Hn]i (44)

due to the definition of total curvature, H = ∇s · n, and the fact that Pn = 0:

[Pn]i = Pipnp = (δip − ninp)np

= δipnp − ninpnp = ni − ni = [0]i . (45)

Let a be a scalar field. The surface divergence of this scalar field times the projection operator is

[∇s · (aP )]i = [(∇ (aP ))P ]i =
∂ (aPip)

∂xq
Pqp

=
∂a

∂xq
PipPqp + a

∂Pip

∂xq
Pqp

=
∂a

∂xq
PqpPpi + a

∂Pip

∂xq
Pqp

=
∂a

∂xq
Pqi + a

∂Pip

∂xq
Pqp = [∇sa− aHn]i . (46)

Next, consider the surface divergence of the tensor (outer) product of the unit normal n and
any vector v:

[∇s · (n⊗ v)]i = [(∇ (n⊗ v))P ]i =
∂ (nivp)

∂xq
Pqp

=
∂ni

∂xq
Pqpvp + ni

∂vp
∂xq

Ppq = [(∇sn) v + n∇s · v]i (47)

Finally, consider the surface divergence of a scalar, the projection operator, and a vector,

[∇s · (aPv)] = [P : ∇ (aPv)] = Ppq

∂ (aPprvr)

∂xq

= Ppq

(

∂a

∂xq
Pprvr + a

∂Ppr

∂xq
vr + aPpr

∂vr
∂xq

)

=
∂a

∂xq
Pqrvr + a

∂Ppr

∂xq
Ppqvr + a

∂vr
∂xq

Pqr

=
∂a

∂xq
Pqrvr + a

∂Prp

∂xq
Pqpvr + a

∂vr
∂xq

Prq

= [v · ∇sa+ a (∇s · P ) · v + a∇s · v]

= [v · ∇sa− aHn · v + a∇s · v] (48)
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